Training Program of Leaders for Integrated Medical System for Fruitful Healthy-Longevity Society, 2017

Selection Examination for the Training Program

Mathematics

There are FOUR questions in total.
Be sure to attempt the ALL questions.

e Examinees have 3 hours.
e No examinee is allowed to leave the examination room during the first 1 hour

and the last 10 minutes.

Books, note books, dictionaries, mobile phones, and information devices must

be kept in the specified place.

[Important Notes]

1: Do not turn this page until instructed to do so by the proctor.

2: There are 6 pages including this cover page. Please make sure you are not
missing a page after the exam begins.

3: Be sure to write your name and examinee’s number on all the answer sheets.

4: Use one answer sheet per question. Be sure to write the question number on
the sheet.

5: Write answers in English or Japanese.

6: You may use the reverse side of answer sheet as calculation sheet.

7: If you need to use two or more sheets for one problem, be sure to mention at
the end of the answer sheet that the answer continues on the next sheet.

8: When you need an additional answer sheet, notify the proctor by raising your
hand, and receive a new answer sheet.

9: After the exam finishes, sort the answer sheets numerically, by question number,
and fold in half.

10: You may take this booklet with you after the exam finishes.

[Notations]

Let N, Z, Q, R, and C be the set of positive integers, integers, rational numbers,

real numbers, and complex numbers, respectively.
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1| Let |||y, ||y, and || ]|, be the functions from R? to R defined by

[lly = laa] + |l

]l = /2% + 23,

2]l = max{|a1], a2},

for z = (w1,72)T € R?, where - denotes the matrix transpose operation.

Answer the following questions.

(i) Sketch each of the sets {z €R?; |z|, =1}, {z €R?*; ||z, =1}, and
{z eR?; ||z||, =1}
(ii) Find positive constants C1, Co, and C3 such that
lzl, < Cullzlly, Nzl < Callzlly, ol < Csllzlly, Vo € R
(iii) Let x € R? be a point, and let ¥, = (Yn.1,yn2)’ € R? be a sequence such that
Jim [l = yn[l, = 0.

Calculate lim ||z —yy|; and lim ||z — y,|| ..
n—oo n—oo

2 | Let f:R — R be the function defined by

2

f(t) = /0 (sin(rz) — tz(l — z))” dz.

Find a minimizer ¢t of f. You may use the fact that fol z? sin(rz) do = L — 2% without

verifying it.
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3 | Give an example to each of the following items.

(i) A pair of non-zero 2-by-2 matrices, A and B, such that AB # BA.
(ii) A pair of a non-zero 2-by-2 matrix A and a positive integer n such that A™ =0

(iii) A 2-by-2 matrix A such that 7 Az > 0 holds for all non-zero vector = € R2.

4 | Let D be the set of R? defined by

7 3v3 13
D = {(xl) eR?; —a2? 4+ ixlxg + =2 < 1}.

Answer the following questions.

7 3v3 3
(i) Find a symmetric matrix A such that 27 Az = Ex% + ?\/_xlarg + Ex% holds
for all z = (x1,29)T € R%
¥3 1
(ii) Let R = ( f \/g) Calculate RAR™!, where R™! is the inverse matrix of
2 2

R.
(iii) Calculate // dxydxs.
D
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