Training Program of Leaders for Integrated Medical System for Fruitful Healthy-Longevity Society, 2015

Selection Examination for the Training Program

Mathematics

1 (THIS QUESTION MUST BE ANSWERED)
Let f, be a function on (—1,1) defined by

fn(z) = sin(narcsin(z)),

where n is an arbitrary non-negative integer.

Answer the following questions.

(i) Calculate f], where f] means the first derivative of f,, with respect to z.

(ii) Prove that f,, satisfies the following differential equation:
(1 —a?)f () —afp(x) +n?fo(z) =0, Vae (=1,1).

(iii) For any non-negative integer m, calculate the m-th order differential coefficient
) (0).

2 | (THIS QUESTION MUST BE ANSWERED)

Let P3 be a set of all real polynomials of degree less than or equal to three. Prove

or disprove that the following W is a linear subspace of P3. Moreover, if W a linear

subspace of P? then calculate the basis of W.

(i) W={feP’; f(0) f(1) =1}.
(i) W= {feP’; f(0)=0, f(0)=0}.
(iii) W= {feP®; of'(z) — 2f(z) = 0}.
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3 | (Selection problem)

Let z, be a sequence in C for which there exists a positive integer N such that

sup [Zn 1] < 1. Let ay = sup |Zn+1|.
n>N |zn] n>N |zn]
Answer the following questions.

(i) Prove that
|2n| < a?V_N lzn|, Vn > N.

(ii) Prove that

Z 7] < XL
- 1—-an
(iii) Let Sy and S be defined by
(2n — 1)!

N .
1 2n—1
SN:Z(—WH% and S = lim Sy,
n=1

respectively. Here, ¢ is an imaginary unit. Calculate a natural number N for

which |S — Sx_1| becomes at least 1072 or less.

4 | (Selection problem) Let A be a positive constant. We consider the following

forced vibration model:

d2
dtZ()—i—)\Z u(t) = A\ cos(t), Vt >0,

u(0) = 2(0) = 0.

Answer the following questions.

(i) Calculate the general solution of the following:

dtz()+)\ v(t) =0, Vt>0.
(ii) Solve w.
(iii) What is the condition on A so that the amplitude of u growth as t — oo ?

Moreover, calculate the growth order of |u| for ¢.
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5 | (Selection problem)

Let a and b be real constants satisfying —oo < a < b < 0. s, is defined by

()_ 2 - Tr—a
sp(x) = b—as b—amT

for arbitrary positive integer n.

Answer the following questions.
(i) Prove that s, satisfies the following ordinary differential equation:

nm

s"(z) = — (b - a)2 su(z), Yz € (a,b)

and boundary conditions:

for arbitrary positive integer n.
(ii) Let ay, be a positive constants for arbitrary positive integer n. Solve the fol-

lowing initial value problem:

dfn
V) = —a2 ). i€ (0,00),
fn(0) = 1.
(iii) Let f8,, be real constants satisfying Z n?|Bn| < co. Solve the following initial-
n=1
boundary value problem:
( Ou 0%u
E(x,t) — W(z,t) =0, VY(z,t)€ (a,b) x (0,00),
u(a,t) = u(b,t) =0, vt € (0,00),

u(x,0) = Zﬁnsn(az), Vz € (a,b).

\
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6 | (Selection problem)

Let P, be a polynomial of degree n defined by

where n is an arbitrary non-negative integer. These P, ’s satisfy

/1 P ()P, (z)dx = < 2
-1 0, it m # n.

All roots of P, exist in (—1,1) and these are simple.

Answer the following questions.

(i) For f(xz) = 52° — 823 + 222, calculate the polynomial quotient of ¢ and the

polynomial remainder r related to P3 by
f(x) = P3(x)q(x) + r(z).

(ii) Let {&}, be the roots of P,. Let {¢;}!, and {w;}!_; be polynomials of

degree n — 1 whose integrals are defined by

H£_§J /@ de, Vie{l1,2,...,n},
Z#J

respectively. For an arbitrary polynomial f of degree less than or equal to

2n — 1, prove the following equation:

/_ @yde =3 [

(iii) Let {&}2_; be the roots of P satisfying —1 < & < & < &3 < 1. Then,

are satisfied. Calculate log(2) up to four decimal places. You do not have to

prove that the approximate value is correct up to four decimal.
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